Abstract Systemic decision making is a new approach for dealing with complex multiactor 1 decision making problems in which the actors' individual preferences on a fixed set of alter-2 natives are incorporated in a holistic view in accordance with the "principle of tolerance".
D 1 ,...,D K in the joint decision making process.
147
To solve the group decision making problem using AHP, the decision makers {D 1 ,...,D K } The judgements r (k) ij represent the relative preference between alternatives i and j for the 153 decision maker D k , according to Saaty's fundamental scale (Saaty 1980) . Despite the fact that 154 the "reference" points of the categories (equal, moderate, strong, very strong and extreme) 155 used in this scale are a discrete set {1/9,...,1/2, 1, 2,...,9}, the judgements considered in Sect. 4), π k w (k) , θ (k) is the prior distribution of these parameters and g k r (k) , w (k) , θ
169 the joint distribution of judgements and parameters.
170
Applying Bayes Theorem, the inferences about the priority vectors w (k) would be made 171 from their posterior distribution given by the expression:
Note that if some of the matrices R (k) are incomplete, the mathematical calculus should be 174 modified in an appropriate manner, taking into account that the posterior distribution (2)must 175 be proper.
176
Distribution (2) contains, for each decision maker D k , the relevant information on the 177 priorities, w (k) , which reflects their preferences on the alternatives {A 1 ,...,A n } of the prob-178 lem. From this distribution, point estimations and Bayesian credibility intervals of w (k) can 179 be calculated, respectively, by using the posterior mean or median of the components and the 180 appropriate quantiles. Furthermore, using Roy's decisional problem taxonomy (Roy 1985) ,
inference about the best alternative (P.α problem), the second best (P.α 2) problem), the two 182 best alternatives (P.α 1, 2) problem) and the preferred preference structure (P. γ problem) can 183 be made using their corresponding posterior distributions and the posterior probabilities of 184 rank reversal can also be obtained (Altuzarra et al. 2010 (Altuzarra et al. , 2013 .
185
The information about the relevant aspects of the decision making process allows the 186 extraction of the knowledge from the cognitive perspective that are followed in the resolution given by:
The following proposition proves that the tolerance distribution is well defined. 
Remark 2.1 The tolerance distribution aims to incorporate the opinion of all the actors impli-214 cated in the resolution process. The density of the tolerance distribution π tol will be higher 215 for those priority vectors w that are well supported, i.e. have a non-negligible density value 216 π k (w), for all the members of the collective. In contrast, if a priority vector w is rejected by 217 at least one of the actors (i.e. π k (w) ≈ 0 for at least one k) then w will tend to be rejected by 218 the tolerance distribution even though w will be well supported by the rest of the collective.
219
The tolerance distribution will provide a probability distribution that is more democratic and 220 in accordance with the tolerance principle, by highlighting those w where there is a greater 221 probability of reaching a final agreement for all the members of D. ⊓ ⊔
222
Furthermore, the tolerance distribution is a synthesis (weighted geometric mean) of the 223 individual preferences of the decision makers of D, which is optimal in the following sense.
224
Definition 2.2 Let π(w) and {π k (w); k = 1,...,K} be a set of (1+K) probability distribu- 
229
where KL(π, Proof Given that 
248
it can be proved that its minimum is achieved in the mixture π = 
r} are the individual distributions obtained from the distributions (2)by
258 the transformation v = h(w).
259
Proof If dw dv denotes the Jacobian of the transformation w = h −1 (v) it is therefore verified 260 that: depending on the problem that is to be resolved. 
The best alternative will be that which maximises the probabilities (8). ranking of alternatives can also be determined; a problem that is known in the literature as a 284 gamma type problem or P. γ problem.
285
These distributions can be employed for the analysis of the most preferred and the most 286 rejected alternatives and this is information that can be very valuable for designing strategies
287
(tolerance paths) to achieve more democratic or representative decision processes. {w:wi=wj}
where A i ≻ A j means "A i is as least as preferred as A j ".
293
From these probabilities, the rankings of alternatives can be established that take into be used to illustrate the methodology described in the previous sections. However, it is worth 303 noting that other kinds of Bayesian models can also be used, for example, the categorical 304 data models proposed by Hahn (2003 Hahn ( , 2006 .
305
In this case, the individual models are given by the expressions:
errors with e (k) ij ∼ LN 0, σ (k)2 ,beingLN(µ, σ 2 ) the log-normal distribution with location 309 parameter µ and scale parameter σ 2 .
310
Taking these logarithms, we have a regression model with normal errors given by the 311 equations:
where y
In addition, and in order to avoid identification problems, we take µ n = 0, that is to 315 say, we take A n as a reference alternative.
316
Let be the number of these judgements.
318
Let X = (x ij ) be the Jx(n − 1) matrix in such a way that if the i th component of these x is = 0fors = j.
323 Equation (11) can be written in a matrix form as: are given by:
337
Using standard calculus and Proposition 2.2 (µ = h(w) = logw), the tolerance distribu-338 tion (3) will be given by: Using (14) it is possible to make inferences about w, as described in Sect. 2.1,a n dt o 346 calculate the probabilities presented in Sect. 3. 
Tolerance distribution with unknown variances

348
Assuming the non-informative uniform distribution in R n−1 as the prior distribution on
, and taking as prior distributions for the precisions "τ (k) ; k = 350 1,...,K the usual conjugates given by:
with n 0 small in order to make it diffuse and s 2 0 equal to the desirable values of the inconsis-353 tency levels (Genest and Rivest 1994).
354
Standard calculations show that the individual posterior distributions are given by: 
and T n (µ, σ 2 , ν) denotes the multivariate n-dimensional T of Student 1 with location para-360 meter µ, scale parameter σ 2 and ν degrees of freedom.
361
Taking into account (16), the tolerance distribution will be given by:
This distribution is not a standard form and it is necessary to use Monte Carlo methods to 364 calculate it. A general algorithm to solve this situation follows. 
Algorithm to draw a sample from the tolerance distribution
366
This section describes a general procedure for obtaining a sample of the tolerance distrib- Geweke (1989) can be applied.
374
Algorithm 1 Extraction of samples from the tolerance distribution
375
Step 0 Fix the number of simulations (S) and the number of samples (S')
376
Step 1 Draw S' samples (S ′ >> S), {u (s) ; s = 1,...,S ′ }, from the mixture
using, for example, a composition method.
378
Step 2 Assign importance weights {β (s) ; s = 1,...,S ′ } to the sample {u (s) ; s = 1,...,S ′ } 379 where:
Step 3 Draw S samples {w (s) ; s = 1,...,S} from the discrete distribution {(u (s) , p (s) ); s = 382 1,...,KS} with p (s) =
; s = 1,...,S ′ . 
Case study: e-participatory budgets
388
The methodology is applied to a case study, adapted from a real-life experience (http://www. of Ignacio Zapata Street. They were prioritised by taking into account a total of three criteria 400 and six subcriteria.
401
The study contemplated the preferences elicited by 12 actors or decision makers (4 politi- four alternatives with respect to the single criterion (Prevention).
410
The methodology discussed in Sects. 2 and 3 was applied (assuming unknown variances) preferred alternatives and the rankings of the alternatives for each decision maker. Table 6 427 presents the dominance probabilities (9) and Table 7 100.00 100.00
The most probable alternatives for each distribution are in bold. Those corresponding to A Table 4 Tolerance and individual posterior distributions of the two most preferred alternatives A
(1) and A 
The dominance probabilities larger than 50 % are in bold; The dominance probabilities that determine the most preferred alternative Furthermore, an e-participatory budget allocation problem has been analysed in which several 486 resolution proposals were made using the decision tools introduced in the paper.
487
As with any aggregation procedure or synthesis measure, some of the actors involved in the in order to increase the representativeness of the tolerance distribution. These two issues
492
(compatibility and tolerance paths) will be the subject of another paper (Salvador et al. 
499
Even though this paper only considers a local context, the new approach can be extended 500 to AHP hierarchies. In that case, the components of the priority vector w would be the global 501 priorities of each alternative and it would not be necessary for the decision makers to use the 502 same hierarchy to establish them. Moreover, given that the tolerance distribution is a joint 503 multivariate distribution of the components of w, it takes into account the existing statistical 504 dependencies among them in order to analyse the preference ranking of the alternatives.
505
This allows both the evaluation of the probabilities of rank reversal and the extraction of the 506 multivariate preference patterns, and this could be very useful for establishing new tolerance 507 paths. All these aspects reflect the flexibility and generality of the new approach with respect 508 to other methodologies detailed in the literature (Ramanathan 1997; Stam and Silva 1997) .
509
Finally, it should be mentioned that although in this paper the AHP context has been adopted,
510
the SDM framework provides a general and flexible methodology which allows the actors 511 to employ different multicriteria approaches, the only requisite being that the preferences of each actor can be expressed by a probability distribution. All this gives the proposal a high 513 level of realism, flexibility and generality that will become more apparent in future papers.
5
